We study numerically the scaling behavior of disordered sandpile automata with preferred direction on a two-dimensional square lattice. We consider two types of bulk defects that modify locally the dynamic rule: (i) a random distribution of holes, through which sand grains may leave the system, and (ii) several models with a random distribution of critical heights. We find that at large time and length scales the self-organized critical behavior, proved exactly in the pure model, is lost for any finite concentration of defects both in the model of random holes and in those models of random critical heights in which the dynamic rule violates the height conservation law. In the case of the random critical height model with the height-conserving dynamics, we find that self-organized criticality holds for the entire range of concentrations of defects, and it belongs to the same universality class as the pure model. In the case of random holes we analyze the scaling properties of the probability distributions P(T,p, L) and D(s,p, L) of avalanches of duration larger than T and size larger than s, respectively, at lattices with linear size L and concentration of defect sites p. We find that in general the following scaling forms apply: P 
I. INTRODUCTION
In a recent study of the response in extended dissipative dynamic systems, Bak, Tang, and Wiesenfeld [1] introduced the notion of self-organized criticality (SOC), which is now believed to represent a large class of phenomena with generic scale invariance [2] . Various models of self-organized criticality have been introduced and studied both analytically and numerically [1 ~ 10] . Among those, the most intensively studied are sandpile automata, first introduced in Ref. [1] , which are believed to describe the universal properties of the self-organized critical state. In a sandpile automaton sand grains are repeatedly added from the outside and the system evolves according to simple dynamic rules, e.g., sand slides from an unstable site (i, j) if the height measured in the number of sand grains at that site exceedes some critical value hc(i,j). The sand is transferred to the neighboring sites which may render them unstable and thus a cascade of sand slidings (an avalanche) may be created. When an avalanche reaches the boundary some sand grains are thrown out of the system. The total mass of the system oscillates around a well-defined average value when the steady state is reached. When hit by avalanches, the height at a given lattice site h( i, j) fluctuates around the mean value (h), which defines a flat profile of the sandpile. After long time the stochastic evolution develops a state which is characterized by avalanches of all sizes and durations. The lack of an intrinsic length and time scale shows analogy to the critical state of a second-order phase transition [11] . However, in contrast to usual phase transitions, the self-organized critical state is thought not to depend on the value of any tuning parameters, but is an intrinsic property of the dynamics of the system.
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Unlike the ordinary critical behavior, the number of independent critical exponents needed to fully describe the self-organized critical state is not known (see, however, Refs. [4] and [5] ). It has been recognized recently [5] [6] [7] that models of self-organized criticality are characterized by the symmetry with respect to translations of height h( i, j), the dynamics which satisfies a conservation law (e.g., conservation of the number of grains under the microscopic dynamic rule, in the case of sandpile automata), and a nonconserving external noise. Varying the microscopic dynamic rule which describes how an avalanche is generated, the symmetry properties, or the type of external noise that triggers the response of the system, may lead to different universality classes of the self-organized criticality, which are defined by the critical exponents and the corresponding scaling functions. Recently, Manna [8] has found numerically that in twodimensional sandpile automata which obey different dynamic rules, such as the critical height model (CHM), the critical gradient model, and the Laplacian model, the self-organized critical state is characterized by different critical exponents. Kadanoff et al. [9] have determined the exponents and the corresponding scaling functions in one-and two-dimensional sandpile automata with various dynamic rules. Dhar and Ramaswamy [10] have calculated exactly the critical exponents for the critical height model with preferred direction in all dimensions. In two dimensions, for instance, the above-defined exponents are a = 1/2 and 7' = 1/3 for the directed CHM.
Hwa and Kardar [5] have introduced a continuum model which describes fluctuations around a steady state in a flowing sandpile. Using some general properties of the dynamic renormalization-group scaling equations in this model, they have shown that the self-organized criticality can be understood in terms of a conservation law in dynamics, and have calculated the critical exponents exactly in all dimensions. Manna, Kiss, and Kert6sz [12] have studied the model of SOC in which the local conservation law is violated. They found that when the transfer ratio is allowed to fluctuate around some critical value, but is conserved globally (local violation), SOC with mean-field-like exponents is observed, whereas considering the global violation of the conservation law, they found that the system is driven out of criticality. Regarding the necessity of a conservation law see also Ref. [13] .
It has been argued recently by Toner [14] that defects which locally break the translational symmetry in the interior bulk of sand piles are relevant for their surface fluctuations. Using the dynamic renormalization group in the Hwa-Kardar model with quenched defects, he found that in the long-distance and long-time limit the fluctuations around a steady state of the sandpile profile are described by a simple diffusion equation with noise. This means that SOC survives with mean-field-like exponents. The question of randomness in the sand pile automata was addressed by Bak, Tang, and Wiesenfeld in Ref. [3] . They studied the cluster size distribution by removing bonds at random in the isotropic cellular automaton of size 20x20. They found power-law behavior with the same exponent as for the pure system.
In the present work we use numeric simulations to study the effect of bulk disorder on the self-organized critical state in the critical height model with preferred direction. We consider two types of defects: (i) the random-holes (sinks) model, where holes, through which sand particles may leave the system, are randomly distributed in the underlying lattice, and (ii) the random critical height model, where the toppling condition depends on the local critical height. As it will be described below, in our models both the conservation of heights and the translational symmetry are locally violated in the presence of defects. Our results suggest that in this case the self-organized criticality is lost at large scales and large times. To check up the importance of the violation of the height conservation, we study comparatively a second model with random critical heights, in which the dynamic rule is changed in such a way that the flux of particles at each site is kept constant. We find that for all concentrations of defects this model shows self-organized criticality with the critical exponents of the pure directed model.
In the case of random holes we study the details of the loss of self-organized criticality by varying the concentration of defects. For a small concentration of defects (p < p*, where p* is approximately equal to the critical concentration for directed percolation on the square lattice [15] ), the self-similarity which characterizes the critical state persists on scales smaller than the characteristic screening length x(p) or mass m(p). We find that the characteristic length x(p) and the characteristic mass m(p) diverge as a power of the concentration of defects p when p -. O. We investigate the scaling behavior of the probability distributions P(T,p, L) and D(s,p, L) for small concentrations p and various system sizes L, and we determine the corresponding scaling exponents.
The organization of the paper is as follows. In Sec. 11 we describe the simulations and present the results in the case of the random-holes model. The scaling analysis of the data is given in Sec. Ill. In Sec. IV we present results of simulations in the random critical height model. A short summary and a discussion of the results are given in Sec. V.
H. RANDOM-HOLES MODEL: SIMULATIONS AND RESULTS
We consider the critical height model on a square lattice with an integer variable h( i, j) associated with each lattice site. The dynamics of the model is discrete, diffusive, and supplemented by the preferred direction. It is defined by the microscopic dynamic rule that if at any site h( i, j) exceeds the critical value hc ( i, j), The self-organized critical behavior in the directed critical height model has been studied analytically [10] . It has been shown that the existence of the preferred direction leads to a new universality class, compared to the undirected model. In this section we study the directed critical height model on a two-dimensional square lattice in which a fraction of sites p are considered as holes. The sand grains may leave the system through these holes during the dynamic evolution. The distribution of defect sites is random and can be considered as either "annealed" or "quenched." In the case of "annealed" disorder we fix the probability p that a defect may occur at each lattice site during one event (development of an avalanche following one added particle at the top line). The distribution of defects is thus generated randomly for each event, and is not memorized for the next event, when a new distribution with the same concentration of defects p is generated. "Quenched" defects are implemented such that a distribution of defect sites is generated for each concentration p and held fixed during all events. The process is repeated for an ensemble of distributions of defects and the measured properties are eventually averaged over all distributions of defects.
We start with random initial conditions, i.e., a halffilled lattice. Then a particle is added at one randomly chosen site at the first row. If at that site the condition (2.1) is fulfilled, then two particles slide to the two nearest neighbors at the next row, where the toppling condition may be fulfilled again, and so on. Thus one added particle at the first row may cause rearrangements at all scales (an avalanche is created). We follow an avalanche until the system regains its stability, and then the next particle is added at the top. Sand grains are allowed to leave the system either when an avalanche reaches the lower boundary or through the holes. We employ periodic boundary conditions in the perpendicular direction. The avalanche is characterized by the duration T-number of rows on which slidings occur, and the mass s-total number of sites that undergo slidings following one added particle at the top. In the absence of defects the probability distributions P(T) of an avalanche longer or equal to T and the probability distribution D(s) of avalanches having a mass which exceeds s falls off at large T and s as P(T) ~ T-1 / 2 and D(s) ~ s-1/3, respectively [10] .
A typical number of events in our simulations is 5 x 10 6 , where the first 1 x 10 6 steps are left for the system to reach the steady state. We used lattices of linear size L that range from 20 to 1000. are valid up to some critical concentration p., which is close to the critical value for directed percolation on the square lattice Pc = 0.295 [15) , where the largest possible avalanche becomes finite. It should be noted here that our simulations with quenched defects lead to the same values of the exponents defined in Eq. (2.3), apart from a numeric error. In Fig. 3(a) we present the length (duration) of avalanches averaged over the total number of events (T) versus lattice size L for the pure case (p=O.O) and for two different concentrations of random defects p=0.025 and 0.05. In the pure case the average length scales with the system size as (T) 0< LO.529±O.006 (upper curve in Fig. 3 ). We find that the average size of the avalanche (not shown) scales as (8} 0< L1.00002±O.OOOOl. Even though there a systematic deviation from a power law for small L these results are in rough agreement with the values 1/2 and 1, respectively, which follow from the exactly known behavior of the distributions P(T) and D(s) [10] . Fig. 2(a) , we have Ap ~ 1. Therefore we may write Here again Vex, y) is the scaling function of the corresponding scaling variables. We expect that the scaling analysis works for small concentrations of defects, where the characteristic length x(p) is quite large, and thus there is a finite range of values of T and s where the power-law behavior prevails. The scaling function P(Tp, T/ L) defined in Eq. (3.4) is determined using the data in Fig. l(a) (four curves corresponding to the lowest concentrations), and plotted in Fig. 4(a) against the scaling variable Tp. The curves for different values of p from Fig. l(a) fall on the same curve. As mentioned in Sec. 11, the data for small concentrations in Fig. 1 are obtained for a large lattice size (L=1000), to ensure the absence of finite-size effects. This proves important in the case of mass distribution (see below). In the case of length distribution we checked that there are no nontrivial size effects, i.e., data obtained from different lattice sizes fall on the same curve in Fig. 4(a) , in agreement with the above scaling analysis. In a similar way the scaling function V(sp3/2, sL -3/2), defined in Eq. (3.5), is evaluated from the data in Fig. l(b) .(for concentrations up to 0.05) and plotted in Fig. 4(b) against the corresponding scaling variable sp1.5. If for a certain concentration of defects the characteristic length x(p) ~ L, then the finite size of the lattice will affect the measured probabilities. The characteristic length x(p) diverges at p --+ 0, and finitesize effects show up in the mass distribution, as shown in Fig. 4(c) . These data are analyzed using the scaling property in Eq. (3.5) with p = 0, and the corresponding scaling function is plotted in Fig. 4( d 
--------,--------,---------,--------,

3) is in fact T/x(p). According to our numeric results in
The dynamic exponent z is usually defined as the exponent which governs the divergence of the characteristic time vs characteristic length in the system near the critical point. It should be stressed, however, that in the directed critical height model the duration of avalanchesusually interpreted as time-is measured in units of length. Therefore, there is no need to define the dynamic exponent in the directed critical height model, or The total mass of the system (averaged over 1000 avalanches for better resolution and normalized by the total number of lattice points) is presented in Fig. 6(a) against the simulation time (measured in number of events) for finite concentration of defects p = 0.05. For comparison similar data for the perfect lattice (p = 0) are presented in Fig. 6(b) . The Fourier spectra of the data from Figs. 6(a) and 6(b) are shown in a doublelogarithmic scale in Fig. 6(c lower curve) the flat distribution of noise gives evidence for the loss of the self-organized criticality at long times.
IV. RANDOM CRITICAL HEIGHTS MODEL
In Secs. 11 and III we have shown that the presence of defects acting as sinks of particles in the directed sandpile automaton is the reason for the loss of the self-organized critical behavior at large scales. These effects are the same for both a "quenched" or an "annealed" distribution of defects. In both cases the presence of random defects violates the conservation law of the microscopic dynamic rule-which governs the details of the height transport-and the symmetry with respect to the translation of heights. Both the conservation law and the symmetry are important properties of the models of selforganized criticality. In the present section we want to address the question whether a violation of the conservation law or a violation of the symmetry is responsible for a lack of self-organized criticality. We consider a type of randomness which modifies the critical heights in the system, but does not assume loss of particles. There are obviously a number of different ways to implement the random critical heights in the directed sand pile automaton in two dimensions.
We first describe a model with extended defects, which we refer as model I, and which consists ofthe following set of rules. Starting from the ideal lattice with the critical height he( i, j) = 2 at all sites, defect sites with he = 0 are randomly distributed over the lattice with concentration p. Then the critical heights at sites close to the defects are modified in the following way. At two sites (i -1, i±), neighbors to the defect site (i,j), the critical height is lowered by one he(i -1,j±) -+ he(i -1,j±) -1. In this way some lattice sites will result in the critical height one, and-if a cluster of defects occurs-the critical height can also be zero at some lattice points. The sites with zero critical height are located and, as well as defect sites, are considered to be inaccessible for the particles. Thus the sites with he = 1 have only one forward neighbor with the critical height 1 or 2, and the sites with he = 2 have two neighbors where the particles can be sent. According to these rules, by high enough values of concentration of defect sites, a kind of extended defect can be formed with the surrounding sites having the critical height 1.
This model is merely considered here as an automaton with a set of microscopic rules that are complementary to the model of random sinks introduced in Sec. 11. After having added a particle at the top row, we apply the updating rules (2.1) and (2.2), with the condition that sometimes there is only one forward neighbor, as discussed above. As a consequence of these dynamic rules some of the sites with he = 1 may remain critical after one toppling has been accomplished. To stabilize the system, disconnected avalanches may start from such sites. In this way, counting of the events which contribute to the distribution of length of avalanches peT) has to be done with care. Following the avalanche which starts from the first row, we do not allow contributions of disconnected avalanches to the probability distributions. The resulting distribution peT) is shown in Fig. 7(a) for different values of concentrations of defects. For p = 0 the selforganized criticality is reproduced, as expected. For any finite value of p the self-organized critical behavior is lost in analogy to the model of random holes, introduced in Sec. 11 (cf. Fig. 1 ). The reason for the loss of criticality in the present case can be found in the fact that under the dynamic rules (2.1) and (2.2) there is the possibility of accumulation of sand particles at sites with the critical height 1. The average number of particles in these sites is growing forever; a steady state is never reached. Clearly, this behavior is similar to the model with random holes, where particles are falling out of the system, so similar behavior could be expected.
In the models considered so far both the height conservation and the translational invariance are violated resulting in a loss of self-organized criticality at large scales. It is therefore an interesting question whether a violation of the translational invariance alone leads to a loss of self-organized criticality. To shed some light on this particular problem we finally study the following model (model 11). A random quenched distribution of critical heights he ( i, j) = 10 with concentration p is introduced while the remaining sites have the critical height he = 2.
The toppling rules defined earlier by Eqs. (2.2) are then modified to
and applied at each site as many times as necessary to render the site stable, i.e., until the condition h( i, j) < he( i, j) is fulfilled. As an example consider the site (k, n) which has the critical height heCk, n) = 10 and two forward neighbors with the critical height hc(k+ 1, n:i,) = 2.
By one toppling at the site (k, n) ten particles proceed to the next row, five to the left, and five to the right neighboring site (k + 1, n±), which makes them critical. Since he = 2 at these sites, they will remain critical after one toppling under the rules (4.1) and (2.2), under which in total four particles proceed and six particles remain at sites (k + 1, n±). We apply again the same toppling rules until the condition h(k + 1, n±) < heCk + 1, n±) = 2 is fulfilled. The resulting distribution of length of avalanches peT), exhibited in Fig. 7(b) , shows that the self-organized criticality survives in this model for all concentrations of defect sites. Fitting the data to a power law yields the exponents 0.4950, 0.4976, 0.5045, 0.4959, and 0.5016 (from above). The standard deviations of these values are less than 0.001. The first exponent corresponds to the pure case and its deviation from the exact value 0.5 has been discussed earlier. The fluctuations observed in the case of random critical heights we expect to be due to the finite size of the random lattice. There is no indication that our model 11 belongs to another universality class than the pure system, although a very small change in the exponent cannot be ruled out completely.
Applying in a similar way the dynamic rules (4.1) repeatedly until h( i, j) < he( i, j) at sites with the critical height he = 1 in the case of model I, we find that for relatively small concentrations of defect sites the distributions of avalanches continue to show self-organized critical behavior with the exponents of the pure model. Due to the correlation of the extended defects, the effective concentration of defect sites Peff is larger than p. For concentrations for which Peff is larger than a critical value Pc, so that the global connectivity of the accessible sites in the lattice is lost, the probability of large avalanches falls off faster than a power law, resulting in a loss of the SOC. This can be seen in Fig. 7(c) . The power-law distribution is preserved for a lower concentration of defects (upper curve, P = 0.2 < Pc). For higher concentrations (lower curve, P = 0.26 > Pe) there is a breakdown of the probability distribution on larger length scales.
(a) We used numeric simulations to study the effects of disorder on the self-organized criticality in two-dimensional sandpile automata with preferred direction. We have introduced two sandpile automata with random defects, which we believe may describe different aspects of the appearance of the power law in the avalanche distributions. The microscopic dynamic rules that describe how an avalanche is generated are modified at the defect sites in two different ways. avalanche hits a defect site. (2) In the model with random critical heights the condition for toppling is locally modified at defect sites-models I and 11 in Sec. IV represent two of many possible ways that defects may affect local critical heights. Our results suggest that the selforganized critical state is lost in the presence of defects if the modified dynamic rules violate locally the height conservation. This is the case in our model of random holes and model I of random critical heights. The systems described by this type of defect are driven out of the critical point, with the concentration of defects p playing the role of a critical parameter. On the other hand, lacking the translational symmetry but with locally conserving dynamics, as our model 11 of random critical heights, leaves the system in the critical state with no hint for a change of the exponents compared to the pure model. It should be noted that in the latter case the conservation law is observed locally, in contrast to the case considered in Ref. [12] , where the conservation law is locally violated but globally reassured, leading to mean-fieldlike exponents. It is not clear to us why the continuum model studied by the dynamic renormalization group in Ref. [14] belongs to the same universality class.
In the case of extended defects, as discussed at the end of Sec. IV, the power-law behavior disappears at finite concentration of defects, due to a loss of the lattice connectivity.
In the case of random holes we analyzed in detail the disappearance of the power-law behavior by varying the concentration of defects p. At small but finite concentra-
